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Abstract 

The new general upper bound /i < [^1 + 1 for the minimal weight /i of a self- 
dual vertex operator superalgebra of central charge c 7^ 23^ is proven. For central 
charges c < 48, further improved estimates are given and examples of vertex operator 
superalgebras with large minimal weight are discussed. We also study the case of 
vertex operator superalgebras with N=l supersymmctry which was first considered 
by Wittcn in connection with three-dimensional quantum gravity. The upper bound 
fi* < A [ jtj] + i for the minimal superconformal weight is obtained for c 7^ 23-^. 

In addition, we show that it is impossible that the monster sporadic group acts 
on an extremal self-dual N—l supersymmetric vertex operator superalgebra of central 
charge 48 in a way proposed by Witten if certain standard assumptions about orbifold 
constructions hold. The same statement holds for extremal self-dual vertex operator 
algebras of central charge 48. 

1 Introduction 

Extremal self-dual vertex operator algebras and superalgebras have been defined in 
[H6h95 , Chapter 5. Extremal refers here to the property that the degree of a Virasoro 
highest weight vector different from the vacuum vector must be larger then certain 
bounds obtained from conditions on the characters. The smallest such degree is called 
the minimal weight. For small values of the central charge c several examples with 
interesting automorphism are known, like the Moonshine module [FLM88 for 
c = 24 and the shorter Moonshine module VB^ for c = 23^ H6h95]. The notion 
extremal is analogous to similar ones for binary codes and for lattices. These two 
cases have been studied much more intensively because of their relations with more 
geometric problems and their applications to data processing and transmissions, cf., 
for example, [Sto99 . Examples of such codes and lattices are known for lengths 
respectively dimensions up to about 100. 

Recently it was shown by the author that extremal vertex operator algebras can 
be used to construct conformal i-designs H 6h07j , an algebraic structure sharing many 

'Department of Mathematics, Kansas State University, 138 Cardwell Hall, Manhattan, KS 66506-2602, 
USA. E-mail: gerald@math.ksu.edu 



properties with classical block designs and spherical designs. In another development, 
Witten proposed that extremal vertex operator algebras can be used to describe three- 
dimensional quantum gravity with negative cosmological constant [Wit 07] . He also 
considers supergravity. Extremal vertex operator algebras have been further investi- 
gated in [Man07l IGY07I IGab07l IAKM07j . 

The present paper continuous the study of self-dual vertex operator superalgebras 
of large minimal weight initiated in H6h95j. In Section O the previous upper bound 
fj, < 5 [fl + | ( [Hoh95j . Cor. 5.3.3) for the minimal weight /x of a self-dual vertex 
operator superalgebra is improved in Theorem [1] to 



< 



c 

24 
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for central charges c ^ 23^. This upper bound can sometimes be improved further; 
TableQ]lists our results for c < 48. For c < 24, there are always examples meeting the 
bound. For 24± < c < 48, we discuss examples which yield the given lower bounds. 

In Section [31 we study the minimal superconformal weight of a self-dual N = 1 
supersymmetric vertex operator superalgebra. We define the minimal superconformal 
weight fi* as the smallest positive degree of a highest weight vector for the 7V=1 super 
Virasoro algebra. In Theorem [6] we obtain for c 7^ 23^ the upper bound 



which for central charges divisible by 12 was found in [Wit07j . A self-dual N=l 
supersymmetric vertex operator superalgebra with minimal superconformal weight 
meeting this bound is called extremal. 

In the final section, we take a closer look on the case of central charge c = 48. The 
relation between self-dual vertex operator superalgebras of minimal weight 5/2 and 
extremal self-dual N—l supersymmetric vertex operator superalgebras with extremal 
self-dual vertex operator algebras is studied. This allows us for c = 48 to conclude 
that under reasonable assumptions it is impossible for the monster simple group to 
act by automorphisms on an extremal self-dual vertex operator algebra or an extremal 
self-dual N=l supersymmetric superalgebra. 

It remains an open problem if self-dual vertex operator algebras or (N = 1 su- 
persymmetric) vertex operator superalgebras with minimal (superconformal) weight 
larger than 2 exist. 

In the rest of the introduction, we give precise definitions and discuss the required 
results about vertex operator superalgebras. We assume that the reader is familiar 
with the general notation of vertex operator superalgebras. 

The Virasoro algebra is the complex Lie algebra spanned by L„, n € Z, and the 
central element C with Lie bracket 

3 

[L m , L n ] — (to — n)L m+n H — — £ TO +n,o C (1) 

where 8^$ = 1 if k = and 6^,0 = otherwise. For a pair (c, h) of complex numbers 
the Verma module M(c, h) is a representation of the Virasoro algebra generated by a 
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highest weight vector v € M(c, h) with Cv = cv, Lqv — hv and L n v = for n > 1. 
For h = 0, the module M(c, 0) has a quotient isomorphic to M(c, 0)/M(c, 1). 

We assume that the vertex operator algebras V in this paper are isomorphic to a 
direct sum of highest weight modules for the Virasoro algebra, i.e., one has 

V = @M i} 

iei 

where each Mi is a quotient of a Verma modules M(c,h) with h € Z>o- One has 
therefore a natural decomposition 

oo 

V = ©M(ft) (2) 

where M(h) is a direct sum of finitely many quotients of the Verma module M(c, h). 
The module M (0) is the vertex operator subalgebra of V generated by oj which we 
denote also by V u and is a quotient of M(c, Q)/M(c, 1). The smallest ft. > for which 
M(h) ^ was called in |Hoh95j the minimal weight of V and denoted by /i(V). (If 
no such /i > exists, we let //(V) = oo.) 

A vertex operator algebra is called rational (cf. |DLM98| ) if every admissible mod- 
ule is completely reducible. In this case there are only finitely many irreducible ad- 
missible modules up to isomorphism and every irreducible admissible module is an 
ordinary module. A vertex operator algebra is called simple if it is irreducible as a 
module over itself. 

For an irreducible module W there exists an h such that W = ©fe gZ>0 Wk+h with 
Wh 7^ 0, where the degree n subspace W n is the eigenspace of L for the eigenvalue n. 
We call h the conformal weight of the module W. 

The character of a module W of conformal weight h is defined by 

Xw = q- c/2i Y, dimW k+h q k+h . 

If V is assumed to be rational and satisfying the C2-cofiniteness condition 
dim(F/Span{a;(_2)y \ x,y £ V}) < oo it is a result of Zhu |Zhu90j that \w is a 
holomorphic function on the complex upper half plane in the variable r for q = e 27rtT . 
We assume in this paper that the C2-cofiniteness condition is satisfied. The family 
where W runs through the isomorphism classes of irreducible ^-modules W, 
transforms as a vector- valued modular function for the modular group SL2(Z) acting 
on the upper half plane in the usual way. 

A rational vertex operator algebra V is called self- dual (other authors use the 
notation holomorphic or meromorphic) if the only irreducible V^-module is V itself. It 
follows from the above mentioned result of Zhu that the character xv is a weighted 
homogeneous polynomial of weight c in ^fj (given the weight 8) and 1 (weight 24) 
where \fj is the third root of the elliptic modular function j (cf. |Hoh95j . Thm. 2.1.2). 
In particular, the central charge c of a self-dual vertex operator algebra is divisible 
by 8. It was shown in |H6h95j . Cor. 5.2.3, that the minimal weight of a self-dual 
vertex operator algebra satisfies fi(V) < [c/24] + 1. A self-dual vertex operator algebra 
meeting this bound is called extremal. 
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We also need an unitary condition. Sufficient for this paper is to assume that 
that V has a real form with positive-definite invariant bilinear form and the conformal 
weights of all irreducible ^-modules are nonnegative. 

We call a self-dual vertex operator superalgebra V = V( ) © Vm rational if its 
even vertex operator subalgebra Vm) i s rational and has the same associated modular 
braided tensor category as the even vertex operator subalgebra of V^ mi , where Vpermi 
is the vertex operator superalgebra of central charge | describing a single fermion. 
One has ce|Z (see jHoh95j . Thm. 2.2.2). The fusion algebra of V (0) is for c € 2Z 

isomorphic to Z[Z 2 x Z2], for c G Z \ 2Z isomorphic to Z[Z4] and for c S iZ \ 
Z isomorphic to the Ising fusion algebra ( |Hoh95| , Thm. 2.2.5). The three (c non- 
integral) or four (c integral) types of irreducible V( )-modules V( ), Vm, Vm (and 

V( 3 )) have the conformal weights (for V(o)), \ (mod 1) (for Vm) and c/8 (mod 1) 
(for V( 2 ) and, in case of four modules, V( 3 )). The V-module V( 2 ) © V( 3 ) for integral c, 
respectively V(2) for c nonintegral, is called the shadow of V and denoted by V . 

We call two self-dual vertex operator algebras W and W neighbours if there exists 
a rational self-dual vertex operator superalgebra V — V(o) © such that = 
V(o) © V(2) and W — V( ) © V( 3 ) where V( ), V(i), V( 3 ) and V( 3 ) are the four irreducible 
V(o) -modules as above. The pairs V and W as well as V and are also called 
neighbours. For central charge c divisible by 8 a self-dual vertex operator superalgebra 
V = V(o) © V(i) has the two neighbour vertex operator algebras V( ) © V(2) and V( ) © V( 3 ) 
which could be isomorphic. 

A vertex operator superalgebra V(o) © Vm comes with a natural involutive auto- 
morphism a which acts by +1 on V(o) and —1 on Vm- 

The character of a self-dual rational unitary vertex operator superalgebra has the 
form 

k 

E2c-24r- io\ 
a r x 1/2 (3) 

where 

00 

xi /2 =9- i/48 n( i +? n+i/2 )> w 

k = [|] and the ao, ■ • ., afc are uniquely determined integers f |Hoh95| . Thm. 2.2.3). 
The character of the shadow is 

fc 

XV = a a rxT/2 24r (5) 

r=0 

with a = 1 for integral and a = 1/ \/2 for nonintegral values of c and 

00 

Xl/2 = V2q 1 / 2i l[(l + q n ). (6) 

n=0 

If we let q = e 27r4T with r in the complex upper half-pane, then X1/2, and hence xv> can 
be considered as the Fourier expansion of a modular function for the modular group 
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r e = (S, T 2 ) in the cusp ioo where S = J J and T = (\qJ- The character xv 

is then the expansion of e 27rlc ^ 24 xv (c integral), respectively e 27rJC//24 x\//v / 2 (c non- 
integral), in the other cusp of H/Tg represented by 1. 



2 Self-dual vertex operator superalgebras 

First we prove our new general upper bound for the minimal weight of a self-dual 
vertex operator superalgebra. 

Theorem 1 A self-dual vertex operator superalgebra V of central charge c has mini- 
mal weight 

M(V)< - i 
unless c = 23^ in which case fi(V) < 3/2. 



c 

24 



Proof. We can assume that V is not a vertex operator algebra, i.e., Vm 7^ 0, because 
for vertex operator algebras the estimate for fi(V) given in the theorem was obtained 
in |Hoh95j . Corollary 5.2.3. 

As discussed in the introduction, the character of V is a Laurent polynomial in 
X1/2 °f the form 



k 



DC 



* , _ n ,J2c-24r _-c/24 r» „™/ 2 

XV — a rXi/ 2 = g ' / >n9 ; (,'J 
r=0 n=0 

The character of the shadow equals 

A: 00 

xv , = a £ a rX 2 - 24 '' = « ? C/12 " [C/81 E B » 5", (8) 

r=0 n=0 

with a = 1 for integral and a = 1/ \/2 for nonintegral values of c. 

First we consider the case c < 32. In the range h < c < 24, we have to show that 
H-(V) < 1 unless c = 23^. From equation (0 one sees directly that for i < c < 8 

one has n(V) = |. For 8 < c < 16, the condition Co = 1 and Ci = determines 
C2 = dimVi which turns out to be positive (cf. Table 5.3 and Table 5.4 of H6h95j). 
Hence (i(V) = 1 as all vectors in V\ are Virasoro highest weight vectors. For 16 < 
c < 23|, the condition Cq = 1 and C\ = C2 = determines xv and thus xv>- Unless 
c = 23^, the character xv has nonintegral coefficients (cf. Table 5.4 of H6h95j) and 
hence fi(V) > 1 is impossible. For c = 23^ one gets C3 = dimV3/2 = 4371 and 
hence fi(V) = 3/2 as again all vectors in V3/2 are Virasoro highest weight vectors. 
Finally, for 24 < c < 31^, we have to show that n(V) < 2. The condition Cq — 1 and 
C\ — C2 = C3 = determines C4 = dimV2. In all cases one has C4 > 1 and hence 
(J.{V) = 2 as C4 — 1 is the dimension of the space of Virasoro highest weight vectors. 

For c > 32, the proof will only use that the coefficients Bi of the characters of 
the shadow V 1 are nonnegative rational numbers. Let m = [^j] + 1 and suppose 
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that fi(V) > m. We denote by Xm c = Q c ^ 24 — 5™) 1 tnc character of V u = 

M(c,0)/M(c,l). Then 

xv = XMe ■ (i + ^ 2m+1 g m+1/2 + A 2m+2 q m+1 + ■■■) 

which determines the a, for < i < 2m. We will show that a,2m < 0. On the 
other hand, equation (jSj) allows us to write ci2 m as a linear combination of the Bi for 
< i < k — 2m, say ci2 m = 2t=o m A-Bj- We will show that the are all nonnegative, 
and thus a 2TO > 0, a contradiction. Hence the assumption fi(V) > m must be wrong 
and (j,(V) < [£] + 1. 

To determine a 2m > we let p — q 1 / 2 and expand xm c • X1J2 m P owers of = Xuz = 
p+ 0(p 2 ). We get 



-2c \ ~* 

XAf c • X1/2 - 2^ 



r=0 



where by the Biirmann-Lagrange theorem the coefficient a r is given for r > by the 
coefficient of p 1 in 

1 <*(XM C • Xi"/^) /pV 1 r 24r-2c-ir/ o '1 fn \ 

~ [j) = ~P ■ 4% [x'm c Xi/2 ~ 2c • XMoXi/aJ (9) 

and ao = 1. Since 

/ oo \ / 2m oo \ 

^ a r cj> r = xv ■ Xm c ■ XM C ■ X V 2 2 C = I 1 + AnpU ) ( H ar< ^ + H ar< ^ ) ' 

r=0 \ n=2m+l ) \r=0 r=2m+l / 

comparing coefficients on both sides gives a r = a r for < r < 2m. Here we used that 
2m = 2 [c/24] + 2 < [c/8] = k for c > 32. The coefficients of Xi/™" 2 ^ 1 are nonnegative 
because 24 ■ 2m - 2c - 1 = 48 [c/24] - 2c + 47 > 0. ft follows from Lemma [5] below 
that all coefficients of Xm c Xi/2 — 2c ■ Xm c x'i/2 are negative for c > 1.01. Equation © 
gives now a2m < 0. 

For the second estimate of a2m, we obtain from Q the equation 

k oo 

E/-2A \k-r c/12-[c/8] ~24fc-2c D « C1 n\ 

a r(Xl/ 2 ) =9 Xi/2 }^ Bnq ■ ( 10 > 

r=0 n=0 

Let 

OO 

q n+c/12 - [c/S] xl%- 2c = J2^ r (11) 

be the expansion of q c ^ 12 -^xT/2~ 2C in P° w ers of = x 2 / 2 = 2 12 q + 0{q 2 ). Using 
again the Biirmann-Lagrange theorem, we have that [3 n ^ r is for r > the coefficient 
of q r ~ 1 in 

lrf(Xi/2" 2c 9" +c/12 - [c/8] ) 



6 



_ _ n+c/12-k-l+r~24fc-2c-l-24r 
~ r 1 X-l/2 



c 



(24k - 2c)q X ' 1/2 + ( n +J^- k )Xi/2 



and /3 0:0 = 2 24 I c / 24 ]- c + 24 . The coefficients of ^ 2 4fe-2c-i-24r f or r = _ 2 m are 
nonnegative because 24fc - 2c - 1 - 24r = 48 [c/24] - 2c + 47 > 0. With xi/2 also 
(24fc — 2c)qx' 1 / 2 + ( n + S — ^)Xi/2 nas f° r all n > positive coefficients. Thus (3 n ,k—2m 
is positive. 

Comparing equation (JTUJ) and (fTTj) gives afc_ r = X)n=o @n,rB n and hence fl2m > 0, 
the desired contradiction. rj 

Remark: The analogous result for unimodular lattices was obtained by Rains and 
Sloanc [RS98J. For even self-dual binary codes and even Kleinian codes the corre- 
sponding results can be found in [Rai98 . 

Lemma 2 The coefficients of the series 2cxm c Xx/2 ~ Xm Xi/2 are a ^ positive for 
e>1.01. 

Proof. Let A = p l ' 2 \ l/2 = T[™ ={) (1 + P 2n+l ) and B = p c / 12 XMc = Un^i 1 -P 2n )~ l - 
Then 

2c X m c x' 1/2 - xkXi/2 = P ^ 12 - 1 / 2i (2cBA / - B'A) = p-^-^B(2cA' - A ■ B'/B) 
and it is enough to show that 2cA' — A ■ B'/B has positive coefficients. One has 

b'/b = i(jr-io g (i-p 2 n) 



dp . 

1 \n=2 



„2n— 1 



E2np 
^ _ j)2n 
n=2 F 

oo 

J2^(n)-l)p 2n - 1 



where cr(n) is the sum of the positive divisors of n. Thus the coefficients of B' / B can be 
estimated from above by the coefficients of 2 Ym=i o~(ri)p 2n ~ 1 . Let A — X^^Lo f( n )P n - 
Then the coefficient of p n in AB' /B is estimated from above by 2 times 

£>(fc)/(n-(2*-l)) = J2 f{n + l-2k)Y,- d 

fc=l fe=l d\k 

rn+1. 



E i E /(»+i-2*)fc 



i=i fc <[^+i] 

2±i] [[2±i]/d] 



^ ^ /(n+l-2rd)- 

d=l r=l 

i±il 

— 2~~ 1 /-n/2d 

V / f(n-2td)-t-dt 
d=i Jo 
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2 J ^ pn/2 

Yl I2 / f{n-2x)-x-dx 
7^1 d J o 



< — • / f(n-2x) ■ x ■ dx. (12) 

The coefficient f(n) counts the number of partitions of n into odd and unequal parts 
and one has for n — > oo the asymptotic formula (|Hag64 , Corollary of Thm. 6) 

f(n) = (24n - 1)~ 3/4 exp (W24n - 1/12) (l + 0(n~ 1/2 )) . 

Using this approximation for fix), the integral Jq™ 72 f(n — 2x) ■ x ■ dx can be evaluated 

explicitly and one obtains lim ?l >oc ^ Jq™ 72 f(n — 2x) ■ x ■ dx^j / (nf(n)) = 6/n 2 . Hence 

the coefficients of AB' /B are smaller than the coefficients (n + l)/(n + 1) in 2c^4' for 
large n. 

It is now also straightforward to justify the approximation of the sum by the 
integral in (|12p : The function f(n — 2t)-t is not monotone on [1, n/2] but has a single 
maximum at to ~ \^24:/(2Tr)y/n. The possible approximation error is therefore not 
larger then Y,^' 2 a • /(» ~ 2i o)io ~ log(n/2)/(n - 2t )t . But 

lim log(n/2)/(n - 2t )t /(nf{n)) = 0. 

n >oo 

We skip the explicit computation of an Nq such that the Lemma holds for n > No. 
For n < 3000 we checked the Lemma directly. rj 



For smaller values of the central charge c, one can often improve the general upper 
bound of Theorem [TJ Table Q] lists our results for c < 48. 

We use that the character of a vertex operator superalgebra and of its shadow must 
have nonnegative integral coefficients. (More precisely, the dimensions of the Virasoro 
primaries must be nonnegative.) 

As an example, assume that a vertex operator superalgebra of central charge c = 
33^ and minimal weight 2 exists. This would imply do = 1, a± = —67, a-i — 670, 
a,3 = — 201 and hence 

Xv = <T 33 ^ 724 (1 + (56816 + ai )q 2 + (2072444 - 29a 4 ) g 5/2 + •■■), 
Xv = <T 33 ^ 724 (a 4 /32768<7 3/16 + (823296 - 29a 4 )/32768q 19/16 + ■ ■ •). 

The initial term of xv gives et 4 > and 2 15 | a 4 . The second coefficient of xv is only 
nonnegative for a 4 = in which case it is nonintegral. 

This kind of arguments gives the upper bounds for all central charges c listed 
besides for c = 10, 11, 12^, 13, 13^, 14^ and 16^, for which we used that the list of 
vertex operator superalgebras given in Thm. 5.3.2 [Hoh95 is complete, which in turn 
depends on Schellekens classification [Sch93J of self-dual vertex operator algebras of 
central charge 24. However, the method of Schellekens can also directly be applied for 
c < 16^ to show that the obtained value for dim Vi cannot be realized. 
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It is known that any unimodular lattice in dimensions n = (mod 24) meeting 
the upper bound analogous to Theorem [1] must be even (see [GauOlj ). A similar result 
holds for even self-dual binary codes (cf. [RS9 8 _). For vertex operator superalgebras 
of small central charges c = (mod 24) we can show: 

Theorem 3 A vertex operator superalgebra V of central charge c = 24, 48, 72 or 96 
with minimal weight /x(V) > c/24+ 1/2 must be a vertex operator algebra. 

Proof. For a vertex operator superalgebra which is not a vertex operator algebra, the 
first coefficient of the character \v — q~ c ^ 24 X^^Lo Q n vanishes since the conformal 
weight of the shadow is positive. This is impossible for c = 24. For the other values 
of c it is impossible to find values of the still undetermined a, such that all B n , n > 1, 
are nonnegative. rj 

The largest minimal weight of a vertex operator superalgebra V which is not a 
vertex operator algebra for the above four values of c is therefore c/24 + 1/2. 

Problem: Is a self-dual vertex operator superalgebra V of central charge c = (mod 24) 
with minimal weight n(V) = + 1 always a vertex operator algebra? (The proof 
in |Gau01| for lattices cannot directly be generalized since it uses a lower bound for 
the minimal norm of the shadow of an odd unimodular lattice whereas the analogous 
bound for vertex operator superalgebras is not obvious.) 

The case of self-dual vertex operator superalgebras V of central charge 48 will be 
investigated further in Section [4] 

Examples of vertex operator superalgebras achieving the lower bounds given in 
Table [1] can be constructed as follows: 

For c < 8 and all other c with ^ — \ one uses V^mi where Vfcermi is the c — \ 
vertex operator superalgebra describing a single fermion. 

For 8 < c < 23 and /j, = 1 we use Thm. 5.3.2 |Hoh95] and the table in Section 2 
of H6h97]. Both results depend on Schellekens classification of self-dual c = 24 vertex 
operator algebras and use the construction of Chapter 3 in [Hoh95l. In particular, for 
integral c these examples are just the lattice vertex operator superalgebras associated 
to an integral unimodular lattice with minimal norm 2 or 3. 

For c = 23^ the shorter Moonshine module VB^ of |Hoh95j . Ch. 4, is an example 

with /j, = 1^ and for c = 24 the Moonshine module |FLM88| is an example with 
jU = 2. 

For c = 32, 40 and 48 the Z2-orbifolds of lattice vertex operator algebras associated 
to extremal even unimodular lattices in dimension 32, 40 and 48 [DGM90J are examples 
with fi — 2. Since for c = 32 and 40 these vertex operator algebras have a Virasoro 
frame (cf. [DGH98] ). one uses the same construction as for VB^ to obtain self-dual 
vertex operator superalgebras of central charge 31^ and 39^ with fi = 1-|. 

All remaining examples can be obtained by taking tensor products of two vertex 
operator superalgebras V and W of smaller central charge and using [i(y % W) = 
mm{fi(V), »(W), 2}. 
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Table 1: Highest minimal weight fi of a self-dual vertex operator superalgebra of central 
charge c for c < 48 



c 


1 

2 


1 




2 


2i 

Z 2 


3 


3* 


4 


4i 

^2 


5 


5i 


6 


6* 


7 


7i 

' 2 


8 


M 


1 

2 


l 

2 


i 

2 


l 

2 


1 

2 


i 

2 


i 

2 


l 

2 


1 
2 


l 

2 


i 

2 


i 

2 


i 

2 


i 

2 


1 
2 


1 


c 


8| 


9 


y 2 


10 


10i 


11 


ni 


12 


12i 


13 


13i 


14 


14i 


15 


15i 


16 


M 


i 

2 


i 

2 


1 

2 


1 

2 


1 

2 


1 
2 


i 

2 


1 


l 

2 


i 

2 


i 

2 


1 


1 

2 


1 


1 


1 


c 


16i 


17 


17± 

x 1 2 


18 


18i 


19 


19i 


20 


20i 


21 


2li 


22 


22i 


23 


23i 


24 


/" 


i 

2 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 




2 


c 


241 


25 


25± 


26 


26i 


27 


27i 


28 


28i 


29 


29i 


30 


30i 


31 


3li 


32 




2^2 


1-li 


1-1| 


1-li 


1-li 


1-li 


1-li 


1-li 


1-li 


1-li 


1-li 


1-li 


1-li 


1-li 


1| 


2 


c 


32i 


33 


33| 


34 


34i 


35 


35i 


36 


36i 


37 


37i 


38 


38i 


39 


39i 


40 


M 


1-1^ 


1-1| 


1-1| 


1-2 


1-2 


1-2 


1-2 


1-2 


1-2 


1-2 


1-2 


1-2 


1-2 


1-2 


li-2 


2 


c 


40i 


41 


4li 


42 


42i 


43 


43i 


44 


44i 


45 


45i 


46 


46i 


47 


47i 


48 




1-2 


1-2 


1-2 


1-2 


1-2 


1-2 


1-2 


1-2 


1-2 


1-2 


1-2 


1-2 


1-2 


li-2 


li-2 


2-3 
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3 Self-dual N = 1 supersymmetric vertex operator 
superalgebras 



We recall that an N=l supersymmetric vertex operator superalgebra V is an vertex 
operator superalgebra V together with a superconformal element r £ V3/2 such that 
the operators G n +i/2 = T n+ \ generate a representation of the Neveu-Schwarz super- 
algebra on V. This is the case precisely if t 2 t = |cl, t\t — and t^t = 2ui. The 
er-twisted modules (or Ramond sectors) of V admit then a representation of the Ra- 
mond superalgebra. For a cr-twisted module one has under some unitary assumption 
that the conformal weight satisfies h > ^ (cf. LT89 , p. 242). 



Definition 4 The minimal superconformal weight fi*{V) of an N=l vertex operator 
superalgebra V is defined as the smallest degree of a highest weight vector of the iV=l 
super Virasoro algebra different from the vacuum vector. In case the only highest 
weight vector is the vacuum vector, we let fJ-*(V) = 00. 



One has 

i>H*(V) 



w = q 



1 - q n JJL 1 - q n 



where Pi is the dimension of the space of highest weight vectors of degree i for the 
N=l super Virasoro algebra. 

For a self-dual N=l supersymmetric vertex operator superalgebras V, the shadow 
V is the unique cr-twisted ^-module and hence has conformal weight h(V') > c/24. 
This implies that Xv has no pole in the cusp ioo. By using the relation between the 
characters of V and V given in the introduction it follows that xv has no pole in the 
cusp 1. Hence equation ([3|) gives 

k 00 

— n ^2c-24r _ „-c/24 r n n / 2 

XV — a rXi/ 2 —1 / j °n g ; 

r=0 n=0 

with k = [^1, function X!/ 2 as in ([?]), and uniquely determined integers ao, . . ., ttfe. 

Denote by Xm^ =1 = g~ c / 24 (rj^ 2 1+ ^" q J ) the character of the N=l Viraso 
vertex operator superalgebra generated by r. Following [Wit 07 we make the following 
definition: 

Definition 5 If the ao, . . ., are chosen such that one has 

XV - Xm« ■ (1 + A 2k+1 c/ fe+1 >/ 2 + A fc+2 ( fe + 2 )/ 2 + • • •) (13) 

then p3p is called the extremal (N=l supersymmetric) character for central charge c. 
A self-dual N=l supersymmetric vertex operator superalgebra with this character is 
called an extremal N=l supersymmetric vertex operator superalgebra. 
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It follows directly from the definitions that the minimal superconformal weight of a self- 
dual N=l supersymmetric vertex operator superalgebra V satisfies (J>*(V) > i [^] +i. 

The character of the shadow V' of a self-dual N—l supersymmetric vertex operator 
superalgebra V is 

k oo 

E~2c-24r c/12-[c/12l D n 

a r X 1/2 = aq 1 11 J 2_,B n q 

r=0 n=0 

with a = 1 for integral and a = l/\/2 for nonintegral values of c and X1/2 as in ©. 
If the ai, < i < k, are chosen as in Definition [5] we call xv the extremal shadow 
character. 

Theorem 6 A self-dual N=l supersymmetric vertex operator superalgebra has mini- 
mal superconformal weight 

f(V) < 1 



2 

unless c — 23^ in which case H*(V) < 3/2. 



Proof. Let k = [c/12] and p — q 1 / 2 . We compute the coefficient Ak+i of the extremal 
character \v = Xm n=1 ' (1 + Ak+i q( k+1 )/ 2 + • ■ •) by the method used in the proof of 
Theorem [T] (see ([9]) and the following equation) and obtain that Ak+i is the coefficient 
of p k in 

1 fc+l 24(fc+l)-2c-l 



1 



P -Xl/2 



Xm«=i Xi/2 - 2c • x«h x'i /2 ■ ( 14) 



The coefficients of p 24 ( fe + 1 ) 2c x^j^ +1 ^ 2c 1 = 1 + 0(p) are nonnegative since 24(fc + 
1) — 2c — 1 = 23 — 2c + 24[c/12] > 0. Similar as in Lemma [2] it can be shown that 
all coefficients of — p < " 2c+1 ^ 24 (Xm n = 1 Xi/2 — 2c • Xm^x'xiz) are positive besides the 
coefficient of p which is zero. 

Thus Ak+i is positive unless c = 23^ in which case the extremal character is 
^-47/48^ + 4372 g3 /2 + yielding ^ < 3/2. n 

Remark: Witten defines extremal N=l supersymmetric vertex operator superalge- 
bras by only requiring that fi* > ^[c/12]. Then the character is only determined up to 
the addition of a constant. The reason for this modification is that for c a multiple of 
24 and c > 96 the first coefficient of the expansion of the extremal shadow character 
becomes negative, i.e., for those values of c an extremal N=l supersymmetric vertex 
operator superalgebra cannot exist. Hence for those c the bound in Theorem [6] can be 
improved by |. 

Numerical evidence suggests that besides for the mentioned case all coefficients 
of the extremal character and of the extremal shadow character are positive integral 
numbers. 



Examples of extremal self-dual N=l supersymmetric vertex operator superalgebras 
are Vff 2 ^ for c = (3/2)fc, k = 1, . . ., 7, the vertex operator superalgebra V D + |Dun05j 

and the odd Moonshine module VO* [DGH88] . 
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There exist other self-dual vertex operator superalgebras with the right extremal 
character who might have also the additional structure of an N=l supersymmetric 
vertex operator superalgebra. 

4 Central Charge c = 48 and the Monster 

In this section, we study self-dual vertex operator algebras and vertex operator super- 
algebras of central charge 48 with large minimal conformal or superconformal weight. 
The question of possible monster symmetries of such vertex operator superalgebras is 
investigated. 

We recall that Theorem [3] implies for central charge 48 that the minimal weight 
of a vertex operator superalgebra V which is not a vertex operator algebra can be at 
most 5/2. More precisely, we can deduce from the requirement that the character of 
V and its shadow V have nonnegative integral coefficients that for a vertex operator 
superalgebra with minimal weight 5/2 there are only the following two possibilities 
for the characters: 

Xv = <T 2 + 1 + 192512 q 1/2 + 21590016 q+ 863059968 q 3/2 + 20256751892 q 2 + ■ ■ ■ 
Xv = + l + 42991892 q +40491808768 g 2 + 8504047840194 g 3 +•• • (15) 

Xv = <T 2 + 1 + 196608 q 1/2 + 21491712 q+ 864288768 q 3/2 + 20246003988 q 2 + ■ ■ ■ 
Xv = 25 + 42991616g + 40491810816(7 2 + 8504047828992 9 3 +--- (16) 

For lattices of dimension 48 and codes of length 48 an analogous result can be found 
in HKMV05 . There exist lattices as well as codes realizing both possibilities for the 
theta series respectively weight enumerator. However, for vertex operator algebras the 
first case can be excluded. 

Theorem 7 Let V be a vertex operator superalgebra of central charge 48 with minimal 
weight fi(V) = 5/2. Then the shadow of V has minimal conformal weight 2. 

Proof. Since fi(V) = 5/2 is nonintegral, V is not a vertex operator algebra. Hence 
the even part V( ) has four irreducible modules V(o), Vm, V( 2 ) and V( 3 ), where V = 
V( ) © V(i) and V — V@) © V( 3 ) . The simple current extensions W — Vrm © Vr 2 ) and 
W = V(o) © V(3) can be given the structure of self-dual vertex operator algebras and 
both are neighbours of V. Assume that the shadow of V has minimal conformal weight 
different from 2. Then the character of V — V(2) © V( 3 ) is given by equation (|15[) . 

Thus either V(2) or V(3) has a one-dimensional degree 1 part; say V(3). In this case W\ 
is one-dimensional and generates a Heisenberg vertex operator subalgebra of central 
charge 1 with graded dimension n^Li(l ~ Q n ) • This implies dimM 7 ^ > 2 and hence 
dim Wz — 2 using (fT5|) again. A Heisenberg vertex operator algebra contains the one- 
parameter family uj\ = \h 2 + Aft(_2)l, A G C, of possible Virasoro vectors, where 
lo\ has central charge 1 — 12A 2 . For the Virasoro element u>\ of W one has therefore 
Ao ^ since W has central charge 48. The vertex operator algebra W = V(o) © V( 3 ) 
admits a natural automorphism o which acts by multiplication with +1 on V(o) and 
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with — 1 on V( 3 ). Since W\ = C/i(_x)l C V(3), it follows that h 2 _^l is in the +1- 
eigenspace of the involution a. But lu\ is also in the +l-eigenspace. This contradicts 
dim(F (0 ))2 = 1. 

Our assumption about the minimal conformal weight of the shadow to be different 
from 2 must therefore be wrong. rj 

If a vertex operator superalgebra with minimal weight 5/2 and minimal conformal 
weight of the shadow be 1 would exist, then the neighbour vertex operator algebra W 
as in the proof would be an example of an extremal vertex operator algebra, i.e., a 
self-dual vertex operator algebras with minimal weight fi = 3. 

It follows from Theorem [5] or the discussion in [Wit07j . Sect. 3.2, that the minimal 
superconformal weight of an N=l supersymmetric vertex operator superalgebra V of 
central charge 48, is at most 5/2. If V is extremal, the characters of V and V' are 
C |Wit07j . eq. (3.60)): 

Xv = q~ 2 + q~ 1/2 + 1 + 196884 q 1/2 + 21493760 q + 864299970 q 3/2 

+20246053140 q 2 + 333202640600 q 5/2 + 4252023300096 <j 3 + • • • , 
Xv = 1 + 42987520 q + 40491712512 q 2 + 8504046600192 q 3 + ■ ■ ■ . (17) 



Theorem 8 (cf. [Wit07j, discussion at the end of Sect. 3.3) Let V be an ex- 
tremal self-dual N—l supersymmetric vertex operator superalgebra of central charge 48. 
Then V has an extremal self-dual vertex operator algebra W as neighbour. 

Proof. As in the proof of Theorem [3 let W = V(p) © V( 2 ) and W = V (0 ) © V( 3 ) be the 
two vertex operator algebra neighbours of V. From the character of V' — V(2) © V(^) 
given in equation (fT7|) it follows that either V(v\ or V(z) , say V{2) , has zero-dimensional 
degree 2 part. Then V( 2 ) has minimal conformal weight at least 3 and W = V(o) © V( 2 ) 
has minimal weight 3, i.e., is an extremal vertex operator algebra of central charge 48. 

□ 

Remark: The same argument shows that a neighbour of an extremal self-dual N=l 
supersymmetric vertex operator superalgebra of central charge 72 is an extremal vertex 
operator algebra. The characters of V and V of such a vertex operator superalgebra 
can be found in [Wit 07] . Appendix A. 

Witten observes that the first coefficients of the modular functions in (TT7|) are 
simple linear combinations of dimensions of irreducible representations of the monster 
simple group and further that such a decomposition is compatible with the N=l super 
Virasoro algebra module structure of V (see [Wit 07] . eq. (3.61) and (3.62)). 

Since any action of the monster group on a central charge 48 vertex operator 
superalgebra V induces such an action on the V(o)-modules V/{\, i = 0, 1, 2, 3, and 

hence on the vertex operator algebra neighbours W and W (it is easy to see that this 
action respects the vertex operator algebra structure), we have the following corollary 
to Theorem [81 

Corollary 9 Assume that V is an extremal self-dual N—l vertex operator superal- 
gebra of central charge 48 on which the monster acts by automorphisms. Then the 
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monster acts also on the extremal neighbour vertex operator algebra W as in Theo- 
rem^ by automorphisms such that the actions coincides on the common vertex operator 
subalgebra V7 ) of V and W. 

Witten asks in [Wit 07] . Sect. 3.1, if extremal self-dual vertex operator algebras of 
central charge c = 24fc exist for all natural numbers k, if they are unique, and if they 
have a monster symmetry. In the following, it is shown that for c = 48 at least a 
monster symmetry is impossible under certain natural assumptions. 

The character of a self-dual vertex operator algebra of central charge divisible 
by 24 is a polynomial with integer coefficients in the modular invariant j = q + 

744 + 196884 q + 21493760 q 2 H or, equivalently, in J = j- 744, the character of the 

moonshine module V'. In particular, for the character of an extremal vertex operator 
algebra W of central charge 48 one has (see [H6h95], Table 5.1): 

Xw = J 2 - 393767 (18) 
= <T 2 + 1 + 42987520 q + 40491909396 q 2 + 8504046600192 q 3 + ■ ■ ■ . 

If we assume that the monster acts on W nontrivially by vertex operator algebra 
automorphisms, the simplest way to consider W as a module for the monster is to 
assume that one has 

W = V*®V*-(2R2 + Ri) (19) 

as graded monster modules, where R\ denotes the trivial 1-dimensional and R 2 is the 
irreducible 196883-dimensional representation of the monster. This also guarantees 
that the monster module structure is compatible with the Virasoro module structure 
of W as one can easily check. For an element g in the monster the graded trace of g 
acting on W is then given by 

oo 

tv(g\W) = q- 2 tv(g\W n ) q n = T 2 - (2 tr{g\R 2 ) + 1), (20) 

n=0 

where T g is the McKay-Thompson series of g, i.e., the graded trace of g acting on V^. 

Furthermore, if we assume that the monster module structure of the first few 
homogeneous spaces of a JV=1 supersymmctric vertex operator superalgebra V of 
minimal superconformal weight 5/2 is the one given in |Wit07j . eq. (3.61) and (3.62), 
then the monster module structure of the extremal neighbour of V as in Corollary [9] 
is also compatible with (fT9|) at least if we modify the monster module structure 
of |Wit07j eq. (3.61) and (3. 62) by exchanging R x + R 4 + R 5 with R 3 + R e if necessary. 
(It was remarked in [Wit 07] that such modifications are possible.) More precisely, we 
could assume that for V one has 

V = Ri 

v 1/2 = 

Vi = 

V 3/2 = Ri 

V 2 = Ri 

V5/2 — Ri + R2 
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V 3 = R 1 +R 2 + R 3 

V 7/2 = 2R 1 + 2R 2 + R 3 + R 4 

V A = 4i?! + 4i? 2 + R 3 + 2i? 4 + Rs 

V 7/2 = 5Ri + 5R 2 + 2R 3 + 3i? 4 + 2R 5 + R 7 

V 5 = 5i?i + 7R 2 + 4i? 3 + 4i? 4 + 2R 5 + 2R 6 + R 7 + R 8 

and for V one has 




Ri 

2 x (R 1 +R 2 + R 3 ) 
2 x (2R 1 + 3R 2 + 2R 3 + R 4 + R 6 ) 
2 x (3i?i + 7R 2 + 6R 3 + 2Ri + AR 6 + R 7 + R s ), 

where Ri denotes the i-th representation of the monster. This decomposition remains 
compatible with an 7V=1 super Virasoro algebra module structure. 

We will also use the following conjecture about the structure of Z 2 -orbifolds of 
self-dual vertex operator algebras which seems not to be completely proven: 

Conjecture 10 Let t be an involutive automorphism of a self-dual vertex operator 
algebra W . Then the fixpoint vertex operator subalgebra is rational and has the 

fusion algebra T L\L 2 x Z2]. The conformal weights of the four isomorphism types of 
irreducible -modules are either congruent to 0, 0, 0, 1/2 (mod 1) (case I) or 0, 
0, 1/4, 3/4 (mod 1) (case II). 

For W the self-dual lattice vertex operator algebra Ve s of central charge 8 with Eg(C) 
as automorphism group, the two conjugacy classes of involutions of Es(C) realize 
both cases I and II. For W the moonshine module V\ the two conjugacy classes of 
involutions in the monster correspond both to case I. 

In case I, one can extend by the module of conformal weight 1/2 (mod 1) to 
obtain a self-dual vertex operator superalgebra as neighbour of W. 

Theorem 11 The monster cannot act by automorphisms on an extremal self- dual 
vertex operator algebra W of central charge 48 such that as a graded monster module 
one has W = <g> — (2R 2 + R±) provided Comecture\Tb\ holds. 

In fact, we only will need that the monster module structure of W is the stated one 
for W n , < n < 5. 

Proof. Let t be an involution in the monster which has a twofold cover of the baby 
monster as centralizcr, i.e., an involution of type 2 A in atlas notation. Then the 
character of the fixpoint vertex operator algebra W'*' is 

Xww = \(xw+tr(t\W)) 

= q- 2 + 1 + 21590016 q + 20256751892 q 2 + 4252454830080 q 3 + ■ ■ ■ 



v* = 

v; = 

v; = 

vi = 

vi - 

vl = 
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where we have used equations (|18l) . (|20[) . the character value tr(t|i?2) = 4371 and the 
g-expansion of the Thompson series T t as conjectured in |CN79j and proven in |Bor92| . 
By comparing this expansion with the one in (|15p it follows that Xww — XVr \ w hcrc 
V(q) is the even vertex operator subalgebra of a vertex operator superalgebra of central 
charge 48 with minimal weight (J>(V) — 5/2 and shadow of minimal conformal weight 1, 
because both functions are modular functions for r (2). The width of r (2) in its other 
cusp is 2 and hence Xw< t >(~l/ r ) nas an expansion in powers of q 1 / 2 . This implies 
that t is an involution in Aut(W / ) belonging to case I of Conjecture [TUJ Denoting the 
four irreducible modules of by Mj, i = 1, . . ., 4, the expansion of Xww (~ l/ r ) = 
| Y^i = i XMi ( T ) would contain in case II non-even powers of g 1 / 4 . Since we are in 
case I, we can extend the vertex operator algebra W'*' to a self-dual vertex operator 
superalgebra V. From the explicit expansion of Xw^ m the other cusp, we see that 
the characters of V and its shadow are the ones given in (TTSJ). Thus V has minimal 
weight 5/2 and the shadow of V has minimal weight 1. However, by Theorem [7] such 
a vertex operator superalgebra cannot exist. rj 

Remark: If we take instead of an involution of type 2A an involution of type 2B in 
the monster, then the corresponding neighbour vertex operator superalgebra has the 
character given in (| 16[> - 

Theorem[TT]together with Corollary [9] implies that under reasonable assumptions it 
is impossible for the monster simple group to act on an extremal N=l supersymmetric 
vertex operator superalgebra in the way suggested in |Wit07j . 

If we would have used in Corollary [5] for V exactly the monster module structure 
as in |Wit07j . then the character of the constructed vertex operator superalgebra 
neighbour of W would have non-integral coefficients. 

Acknowledgments. I like to thank M. Gaberdiel for useful discussions. 
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